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Transmission Zeros and High-Authority/Low-Authority
Control of Flexible Space Structures
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Flexible space structures generally have very low levels of inherent damping, which makes the problem of
controlling such systems quite challenging. For instance, unmodeled modes can easily be made unstable by
spillover effects. One way to avoid these difficulties is to use a low-authority control loop to simply increase
structural damping, typically to 5-10% of critical, and then use a more sophisticated high-authority control loop
to achieve the desired control objectives. A very important design question that then arises is: what are the best
choices of locations for the dampers used to implement the low-authority controller? This question is studied
here, and it is shown that it is more important to increase the damping of the zeros of the damping-augmented
structure than that of the poles. A simple algorithm is then derived for determining the damper locations that
make the zeros as heavily damped as possible. Finally, the operation of this algorithm is illustrated by
application to a simple cantilever beam example.

Introduction

T HE very low damping typical of the vibration modes of
flexible space structures (FSS) greatly complicates the

problem of controlling such vehicles because if any of these
modes are excited by the controller or disturbances, they will
take a considerable time to come to rest. A technique that has
been proposed to try to overcome this difficulty is that of
high-authority/low-authority control (HAC/LAC).1'5'20'22 In
this approach, a LAC loop, acting through dampers placed on
the structure, is used to augment the inherent damping of the
vehicle, typically raising it to 5-10% of critical. The intention
is to make it easier for the main HAC loop, acting through its
own actuators, to give good closed-loop system performance
as measured at the HAC sensor stations. The increase in
damping provided by the LAC loop also helps to prevent any
unmodeled modes being destabilized by spillover from the
main control loop. The high-authority controller is usually
chosen to be an optimal regulator, as many FSS control prob-
lems are readily expressible in an optimization form; an exam-
ple is the problem of minimizing the rms surface deflection of
a flexible antenna without using excessive amounts of propel-
lant.

The LAC design problem considered in this paper is as
follows: Given an optimal regulator HAC loop with specified
sensor and actuator locations and a fixed number of dampers
of given strengths, where should these dampers be placed on
the structure to give the best overall system performance?
Central to this analysis are the results recently derived in Ref.
11 concerning the optimal root loci8 of FSS, which in turn are
closely related to the generic properties19 of the transmission
zeros6 of these systems. In particular, if the HAC loop is
permitted to use fairly high gains (as is necessary if reasonably
good performance is to be obtained), then the finite poles of
the closed-loop system (FSS + LAC + HAC) will approach
the zeros of (FSS + LAC). Typical LAC analyses in the
past1-22 have concentrated on positioning dampers so as to
maximize the damping of the poles of (FSS + LAC), with no
attention being paid to the zeros of this damping-augmented
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system. It can therefore be seen that placing dampers in this
traditional way will not necessarily improve the performance
of the overall closed-loop system (FSS + LAC + HAC) signif-
icantly. This question will be studied in the paper and a simple
algorithm given, based on orthogonality to the HAC modal
influence matrix, for determining damper locations that pro-
duce as much zeros damping as possible. The poles will always
also be damped by this scheme. The converse, however, would
not be true: a method designed to maximize the damping of
the poles may leave the zeros totally undamped. Numerical
results for a simple cantilever beam will be used to illustrate
these results.

High-Authority/Low-Authority Control
LAC of FSS is generally implemented1 by a set of relatively

low-effort actuators applying forces or torques proportional
to the outputs of a set of rate sensors that are compatible
(physically collocated and coaxial) with them. Each sensor/ac-
tuator pair typically operates independently, introducing a
damping force proportional to the local rate measurement.
The physical implementation of LAC may be passive (e.g., by
dashpots or dampers) or active (e.g., proof-mass actuators2 or
active members3); it may also be by distributed rather than
discrete means (e.g., by piezoelectric layers4). In all cases,
however, the role of LAC is to introduce moderate amounts of
damping into the otherwise very lightly damped structure,
rather than to achieve stringent pointing requirements.

HAC, on the other hand, is5 typically a more ambitious
modern control scheme based on state feedback6 (it therefore
requires an observer in any practical implementation). The
actuators for this controller are capable of greater force/
torque than those of the LAC loop; the sensors may feedback
displacements instead of rates; each actuator will typically
take measurements from all sensors; and sensors and actua-
tors need not be collocated. A HAC controller is capable of
much better closed-loop performance than a LAC controller
for the nominal system; however, it is generally far more
sensitive to perturbations in the open-loop dynamics. For
instance, if a noncollocated sensor and actuator vibrate in
phase in the nominal model but out of phase in the true
structure, negative rate feedback between them will be nomi-
nally stabilizing but actually destabilizing. The collocated rate
feedback implemented by the LAC loop, on the other hand, is
guaranteed7 always to be stabilizing, regardless of plant per-
turbations. Furthermore, LAC will stabilize any unmodeled
vibration modes, whereas HAC can destabilize these by
spillover effects.
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One of the prime motivations for using LAC is, therefore,
to stabilize any HAC-induced instabilities that may arise as a
result of moderate perturbations to the plant. LAC was conse-
quently described in Ref. 5 as an outer loop, serving to stabi-
lize the inner closed-loop system (FSS + HAC). However,
LAC can equally well be regarded20 as the inner control loop
and HAC as the outer; this is the formulation that will be used
here. When the problem is posed in this form, it is not neces-
sarily important to simply maximize the damping ratios of the
poles of (FSS + LAC). Rather, the LAC should be designed so
that the overall closed-loop system (FSS + LAC + HAC) has
good performance. The results obtained here on optimal
damper positioning are based on this philosophy and will
prove to be quite different from those typically given in the
past.

To study the HAC/LAC design problem in detail, consider
an «-mode linear model for the structural dynamics of an
undamped, nongyroscopic, noncirculatory FSS with m com-
patible HAC sensor/actuator pairs. This can be written as

= Vu

Wdq

(la)

(Ib)

where q is the vector of generalized coordinates, u that of
applied HAC actuator inputs, and y that of HAC sensor
outputs. The mass and stiffness matrices of the structure
satisfy M = MT>0 and K = KT> 0, respectively, the control
influence matrix Vis of full column rank, and (Wr Wd) is of
full row rank. Note that a modal model for this structure is
simply a special case of Eq. (I) with q -if], the modal ampli-
tude vector, so the results that will be derived below apply
equally well to {M, K] or modal models.

Applying LAC to this system corresponds to adding a term
of the form Cq to the left-hand side of Eq. (la), where

C = VLDVl (2)

D is diagonal with r<s nonzero entries, in as yet unknown
locations, corresponding to the specified LAC damper
strengths {tf/:/ = 1,. . . , r}, and VL is the (n x s) influence
matrix corresponding to all possible damper locations. The
LAC design problem as formulated here then consists of
choosing those damper locations (i.e., that ordering for the
diagonal entries of D) that will improve the performance of
the overall closed-loop system (FSS + LAC + HAC) as much
as possible.

The particular type of HAC to be studied is the linear
optimal regulator,8 where the objective is to find the control
input u that minimizes the quadratic cost functional

J= \yTQy
Jo

puTRu] dt (3)

where the weighting matrices Q and R are positive definite
symmetric and the scalar p is nonnegative. Optimal regulators
are often used9'10 for the control of FSS as the desired objec-
tives, for instance, minimizing the rms surface deflection of a
flexible antenna without using excessive amounts of propel-
lant, are typically readily expressible in a quadratic optimiza-
tion form. A necessary prelude to deriving good LAC damper
placement criteria is thus to study the properties of linear
optimal regulators when these are applied to flexible struc-
tures. This was the subject of a recent paper,11 and the relevant
optimal root loci results form the basis of the next section.

FSS Optimal Root Loci
The optimal root loci of a system provide a great deal of

information on the performance attainable when applying a
linear optimal regulator to it. They do this by displaying
graphically how the closed-loop poles vary as the control
weighting parameter p in Eq. (3) is taken from oo to 0. These

root loci start at the open-loop poles or the mirror images
about the imaginary axis of any unstable poles; some then
terminate at finite left half-plane locations, precisely the trans-
mission zeros6 of the system (or their mirror images), while the
remainder tend to infinity in various Butterworth configura-
tions.8 Beyond these simple facts, though, no generic proper-
ties can be stated for the optimal root loci of general linear
systems. In fact, it is not even possible in general to say
immediately what the number and orders of the Butterworth
configurations will be for a given multi-input system.

However, such generic results can be derived for the special
case of lightly damped flexible structures. The behavior of an
optimal regulator HAC loop when applied to a general
damper-augmented flexible structure can therefore be de-
scribed rather fully in graphical terms. This will then allow
simple guidelines to be drawn up concerning where dampers
should be placed to improve the performance of (FSS + LAC
+ HAC) as much as possible over that of (FSS + HAC) alone.

To study the optimal root loci of (FSS + LAC), note first
that this open-loop system is guaranteed to be stable; its
natural frequencies will be denoted by {w/ ) and its damping
ratios by { f / ) . The regulated closed-loop poles obtained for
extremely high control weighting (p — oo ) will therefore just be
the poles { — f/co/ ±yco/Vl — f 2 ) . A question of some impor-
tance is to quantify how these poles move as p is decreased
(i.e., as the performance measure yTQy starts to be of signifi-
cance). Reference 11 studied these angles and rates of depar-
ture and proved, taking Q and R as identity matrices for
simplicity, that the ith locus departs as

ax
dk

(4)

where k = p ~ { and a2 is the /th modal cost12 (the contribution
of mode i to yTy). Thus, Eq. (4) shows that the speed with
which a closed-loop pole is moved as p decreases is propor-
tional to the contribution of this mode to J. This clearly
makes sense. The direction in which poles move is also of
interest: it is, to first order, such that their absolute values
(i.e., undamped natural frequencies13) are preserved. Of
course, if the system were undamped, Eq. (4) would reduce to
a purely real pole shift. Finally, note that the derivation of Eq.
(4) in Ref. 11 assumed that the observability correlation coef-
ficients14 between mode / and all other modes were small. This
illustrates the dynamic significance of these coefficients: the
root loci for uncorrelated modes evolve, for large p, essentially
as uncoupled single degree-of-freedom harmonic oscillators,
while those for highly correlated modes interact significantly.
As correlated modes must correspond to close natural fre-
quencies (but not necessarily vice versa!), this conclusion
makes sense graphically.

Quantifying closed-loop system behavior for low control
weighting (p—0) is of at least as much importance as the p^ oo
case. The object here is to evaluate not only the angles and
rates of approach of certain of the loci to the transmission
zeros of (FSS + LAC), but also the directions and rates (i.e.,
Butterworth configurations) at which the remaining loci tend
to infinity. Taking the asymptotically infinite loci first, it was
shown in Ref. 11 that (for compatible HAC sensors and
actuators) there are always precisely m of these branches.
Those that correspond to rate measurements are first-order
Butterworth configurations, each giving a closed-loop pole on
the negative real axis with magnitude proportional to p"1/2;
those corresponding to displacement measurements are sec-
ond-order, each giving a pair of poles varying as p ~ 1/4 with
asymptotes at ± ir/4 to the negative real axis. These results
are considerably simpler than those that apply15 for general
state-space systems. As a final point, extensive computer sim-
ulations of lightly damped compatible flexible structures sug-
gest that the loci that terminate at isolated transmission zeros
always approach them roughly horizontally from the left, just
as the departure from an isolated pole is approximately hori-
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zontally to the left. However, a formal proof of this property
has not yet been found.

Summarizing, Fig. 1 shows the typical form of the optimal
root loci for an undamped flexible structure with no rate
measurements. Any HAC optimal regulator that is to be use-
ful must allow high enough control gains that the closed-loop
performance is significantly faster than the open loop. There-
fore, it must correspond to quite a low value for p, so it can be
seen that the overall response will depend more on the zeros of
(FSS + LAC) than on the poles of this damping-augmented
system. A technique will now be derived for calculating the
locations at which a specified set of dampers should be placed
so as to make these zeros as heavily damped as possible.

Damper Placement for Zeros Damping
Taking the Laplace transform of Eq. (1), augmented by the

LAC damping term Cq, yields the frequency domain polyno-
mial matrix representation16

P(s)q(s)=Vu(s)

y(s)=W(s)q(s)
(5)

for the system (FSS + LAC), where P(s) = s2M + sC + K and
W(s) = sWr+Wd. Note that P(s) is symmetric (i.e., Eq. (5)
respects the special form of the equations of motion of struc-
tural dynamics). This contrasts with the first-order state-space
representation x = Ax + Bu, y = Cx with x = (qT q T)T

9 where
A does not preserve this useful symmetric structure.

If the HAC actuators and sensors have been positioned in
such a way that Eq. (5) is completely controllable and observ-
able (i.e., so that each mode can be both excited and sensed),
then the transmission zeros of this system are those s1/ for
which the system matrix6

P(s) V
- W(s) 0 (6)

loses rank. The zeros are equivalently those sf that reduce the
rank of the rational transfer matrix T(s) = W(s)P(s) ~l V, but
the polynomial matrix S(s) is generally far more convenient to
deal with. In fact, it can be transformed to a canonical form
from which the zeros are very readily computable.17 This is
based on the QR decomposition18 of V', that is, the orthogonal
Q and rectangular R - (BT 0)r (B square and upper triangu-
lar) for which V = QR. Because the HAC sensors and actua-
tors are taken to be compatible, this same transformation,
which reduces QTV to upper triangular form, also reduces

Pole

WrQ and WdQ to (Dr 0) and (Dd 0), respectively, where Dr
and Dd are both square and (Dr Dd) has full row rank. Thus,
the system matrix S(s) can be reduced by the orthogonal
transformation Qs = diag {Q , /) to

S(s) = - W(s)Q
QTV\

0 J
(7)

-D(s) 0 0

Fig. 1 Typical optimal root loci of FSS.

where Q - (Q\ Q2) and D(s) = sDr + Dd. By inspection then,
the transmission zeros of the system are those s/ for which
either the (m x m) D(s) is singular (the sensor zeros) or the
(n - m)x (n - m) Q2P(s)Q2 is singular (the structural ze-
ros). It can be shown19 that the (n - m) conjugate pairs of
structural zeros, which depend on the physical properties of
the structure and the positions chosen for sensor/actuator
pairs, always lie in the left half-plane. They have many addi-
tional properties if damping is taken to be modal; however,
LAC damping does not generally take this form, so details will
not be given here. (The interested reader is referred to Ref.
19.) The sensor zeros depend only on the way in which rate
and displacement measurements go into the system outputs;
these zeros generally lie on the negative real axis.

The effect of LAC on the zeros of (FSS + LAC) is thus to
add the term Q2CQ2 to the polynomial matrix that defines the
structural zeros. If our goal is to make these zeros as damped
as possible, as argued in the last section, then a good rule-of-
thumb is to try to find damper locations that make some norm
of Q2CQ2 as large as possible. (The particular norm that is
chosen is not particularly important.) To gain insight into this
problem, consider a very simple implementation of HAC/
LAC where local rate feedback is used at the HAC stations to
generate the LAC damping. (The HAC/LAC separation is
then notional rather than physical.) The LAC influence matrix
VL in C = VLDVlthen clearly satisfies lm(VL) = Im(F); thus,
as Q2V =. 0 we must also have Q2VL - 0. An important con-
sequence of this is that Q2CQ2 must be zero, so this arrange-
ment does not introduce any damping into the zeros of
(FSS + LAC). An alternative way to prove this is to note that
this particular form of LAC is dynamically equivalent to state
feedback. It therefore6 cannot alter the zeros of the system
(FSS + LAC), so these are just equal to the undamped zeros of
the basic structure.

Thus, if we are to achieve a considerable amount of zeros
damping, it is necessary to choose damper locations (i.e., place
the nonzero diagonal elements of D) so that some norm of

(8)

is as great as possible. But Im(Q2) is just the orthogonal
complement18 of VT, so what is required is to choose D so as
to make VLDVl "as orthogonal as possible" to V. Clearly
then, LAC dampers should be placed at those locations that
correspond to the columns of VL that are most nearly orthog-
onal to V. The example given above of coincident HAC and
LAC hardware can be seen to go entirely against this guide-
line. Requiring that Fand VLDl/2 be as orthogonal as possible
also makes good physical sense because, if we have a specified
set of HAC sensor/actuator stations and then add dampers
that merely affect the dynamics of the structure in roughly the
same way [lm(VLD1/2)« Im(K)], the overall response of the
system will not be improved materially. It is more effective to
put dampers at locations where they can "mop up" those
dynamics that were not controlled adequately by the HAC
loop.
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To reduce this guideline to an algorithm for damper place-
ment, it is necessary to select a particular matrix norm of
Q^CQ2 to be minimized. Now, any such norm must satisfy the
consistency condition \XY\ < \X\ • \Y\ for any X and 7,18 so
Eq. (8) implies that IQ^CQ^^lQ^D^-^Q^D^n
Thus, if we choose a norm that satisfies \XT\ = \X\ for all X
(e.g., the 2-norm or the Frobenius norm, but not the 1-norm
or oo-norm), we have that

\QfCQA : (9)

The Frobenius norm is much simpler to compute than the
2-norm, involving a sum of squares rather than a singular
value decomposition,18 so the damper placement philosophy
becomes that of choosing so as to maximize \Q,2VLDV2fF. But
this quantity is just EJ= l [dj • (Euclidean norm of column j of
Q2

r^/L)2], so it will clearly be maximized if the largest *// is
positioned to go with the column of greatest Euclidean norm;
the second largest dt is paired with the second greatest column,
etc. Of course, if all r(<s) dampers are of equal strength, this
procedure simply reduces to that of placing dampers at the
locations that correspond to the r columns of Q[VL with the
greatest Euclidean norms.

Given the matrices Fand VL as defined in Eqs. (1) and (2),
respectively, and the specified damper strengths [di'.i
- 1,. . . , r } , this procedure can be summarized as the follow-
ing formal algorithm.

Algorithm. Step 1: Find V= QR, Q = (Qi Q2) orthogonal,
R = (£rO)r, the QR decomposition of V.

Step 2: Form the matrix X = Q^VL.
Step 3: The damper with the largest df value should be

placed at the location corresponding to the column of X with
the greatest Euclidean norm; the second largest damper should
be placed at the location corresponding to the second greatest
column norm, etc.

Step 4: C = VJW* is the desired damping matrix.
Note that this simple approach also gives insight into the

question of how many dampers are actually needed. For, if
only q < r column norms of X are reasonably large, then using
just q dampers will be nearly as effective as using all r.

Two final remarks concerning this algorithm are in order.
The first is that the emphasis on the zeros of (FSS + LAC)
does not mean that the poles of this system will be left un-
damped; they are clearly damped by any nonzero C. Thus,
both extremes of the optimal root loci of (FSS + LAC) will be
shifted away from the imaginary axis by C as constructed
above, so the performance and robustness to spillover of
(FSS + LAC + HAC) should be good even for quite low regu-
lator gains. Second, the analysis given above has all been for
compatible HAC sensors and actuators. However, the argu-
ment about high zeros damping being desirable carries over
entirely without change to the noncollocated case; the differ-
ence is that the algebra is now much less straightforward, as
the canonical form of Eq. (7) can no longer be used. This
explains why the noncollocated sensor/actuator placement al-
gorithm, recently independently derived by Maghami and
Joshi,23 and also based on maximizing the damping of the
zeros, is more complicated than the method presented above.

Example
The results of the last section will now be illustrated by

applying them to a simple flexible structure. Consider a trun-
cated true modal model of order five for the transverse vibra-
tion of a uniform undamped cantilever beam of length 25 m,
width 0.1 m, and depth 0.01 m, and constructed of aluminum
(density 2.7 x 103 kg/m3; Young's modulus 7.0 x 1010 N/m2).
A single HAC linear sensor/actuator pair is positioned at the
beam tip, and we wish to determine which of five possible
locations (at distances 12.5, 15.0, 17.5, 20.0, and 22.5 m from
the built-in end) would be most suitable for a LAC damper.

The poles and zeros of the beam with no dampers are, of
course, purely imaginary: their moduli are given in Table 1.

Table 1 Beam

Poles, rad/s
0.0827

0.5182

1.4510

2.8433

4.7002

poles and zeros

Zeros, rad/s

0.3632

1.1814

2.4801

4.2857

Table 2 Zeros damping ratios

Damper location
Zero 15.0m 22.5 m
1
2
3
4
Mean

0.2318
0.0058
0.0194
0.0140
0.0677

0.0305
0.0234
0.0169
0.0101
0.0202
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Fig. 2 Optimal root locus; tip damper.
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Fig. 3 Optimal root locus; damper at 15.0 m.

Note that the zeros interlace the poles, as is always the case21

for a flexible structure with a single compatible (HAC) sensor/
actuator pair, as here.

Applying the methods of the last section, it is found that the
column of X corresponding to the damper position of 15.0 m
has the greatest Euclidean norm (0.2824), whereas position
22.5 m has the lowest norm (0.2228). It is therefore expected
that a damper placed at 15.0 m will be considerably more
effective at introducing damping into the zeros of (FSS
+• LAC) than one placed at 22.5 m. Table 2 demonstrates that
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this is actually the case by displaying the damping ratios that
are obtained for each zero, as well as the mean damping ratio,
by placing a damper with d = 5 Ns/m at either of the two
locations. As expected, the imaginary parts of each zero are
not shifted by more than about 0.1% by this LAC. Further-
more, even though the damper position of 15.0 m was opti-
mized for zeros damping, it still gives rise to an average pole
damping ratio of 10.6%, which should be quite adequate for
preventing spillover instabilities. As a graphical illustration of
this point, Figs. 2 and 3 show the optimal root loci that are
obtained for the beam when its damper is placed either at the
tip (Fig. 2) or at 15.0 m (Fig. 3). In the first case, the poles of
(FSS + LAC) are well-damped, as expected; however, the zeros
remain purely imaginary. This fact, which was also expected,
implies that the high-gain resistance of the closed-loop system
to spillover instabilities will be unsatisfactory. By contrast, the
damper location of 15.0 m selected using the new algorithm
damps both poles and zeros well (i.e., the entire root locus is
shifted to the left). This ensures resistance to spillover-induced
problems for the entire range of HAC gains, as desired.

Conclusions
This paper has pointed out that the overall closed-loop

response obtained when using HAC/LAC depends more on
the zeros of the damping-augmented structure than on its
poles. Consequently, the low-authority dampers should be
placed in locations that will lead to the maximum possible
amount of zeros damping. A simple algorithm to determine
which damper positions will achieve this was derived in the
paper and illustrated by application to a cantilever beam.
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